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Recurrences
• The equivalent of differential equations in the discrete


• Calculate an amount based on differences or quotients


• And one or more initial values


• Some categories are simple to solve


• E.g. linear recurrences


•  is a linear combination of previous values


•  (Padovan 
numbers)


•  (Pell numbers)

fn
fn = fn−2 + fn−3; f1 = f2 = f3 = 1

fn = 2fn−1 + fn; f1 = 0,f2 = 1



Recurrences
• Statements about sequences defined by recurrences are 

usually proven via induction


• Example: Pell numbers 



• Matrix formula:


•

pn = 2pn−1 + pn−2; p0 = 0, p1 = 1

(pn+1 pn
pn pn−1) = (2 1

1 0)
n



Proving  

for Pell numbers
(pn+1 pn

pn pn−1) = (2 1
1 0)

n

• Induction Proof


• Induction Base


• Induction Step:  


• Induction Hypothesis


• To show:



Proving  

for Pell numbers
(pn+1 pn

pn pn−1) = (2 1
1 0)

n

• Induction Proof


• Induction Base


• Induction Step:  


• Induction Hypothesis


• To show:



Proving  

for Pell numbers
(pn+1 pn

pn pn−1) = (2 1
1 0)

n

• Induction Proof


• Induction Base


• For , the left side is


 


             which is equal to the right side.


• Induction Step:  


• Induction Hypothesis


• To show:

n = 1

(p2 p1
p1 p0) = (2 ⋅ 1 + 0 1

1 0) = (2 1
1 0) = (2 1

1 0)
1



Proving  

for Pell numbers
(pn+1 pn

pn pn−1) = (2 1
1 0)

n

• Induction Step


• Induction Hypothesis:


• 


• To show:


•

(pn+1 pn
pn pn−1) = (2 1

1 0)
n

(pn+2 pn+1
pn+1 pn ) = (2 1

1 0)
n+1



Proving  

for Pell numbers
(pn+1 pn

pn pn−1) = (2 1
1 0)

n

• To show: 


LHS 


        


         


          

(pn+2 pn+1
pn+1 pn ) = (2 1

1 0)
n+1

= (2pn+1 + pn 2pn + pn−1
pn+1 pn )

= (2 1
1 0) ⋅ (pn+1 pn

pn pn−1)
= (2 1

1 0) ⋅ (2 1
1 0)

n

= (2 1
1 0)

n+1



Pell Equation
• Use the power of Linear Algebra II


• Calculate eigenvalues and eigenvectors and obtain


• with

(2 1
1 0) = U ⋅

1 − 2 0

0 1 + 2
⋅ U−1

U = (1 − 2 1 + 2
1 1 ) U−1 =

− 1

2 2
−

−1 − 2

2 2

1

2 2
−

1 − 2

2 2



Pell Equation
• Why is this cool:


• This Jordan decomposition works very well with matrix powers


The core is 


• Then:



Where 

D =
1 − 2 0

0 1 + 2

Pn = (UDU−1) ⋅ (UDU−1) ⋅ … ⋅ (UDU−1) = UDnU−1

Dn =
(1 − 2)n 0

0 (1 + 2)n



Pell Equation
• This gives us a nice formula, which we can also prove by 

induction:


• Since  and the latter is negative, for large n


         

1 + 2 > > 1 − 2

pn ≈
(1 + 2)n

2 2

pn =
(1 + 2)n − (1 − 2)n

2 2



Analysis of Mergesort



Analysis of Quicksort
• We want to sort an array


• Idea of quicksort:


• Pick a random pivot


• Divide the array in elements smaller and larger than the 
pivot


• Recursively order the two subarrays


• Combine the two subarrays into one 



Analysis of Quicksort
• Example of a divide and conquer algorithm:


• We divide the array into two parts i.e. we divide the 
problem into sub-problems


• We recursively sort the sub-arrays, i.e we solve the 
sub-problems


• We combine the sub-arrays, i.e. we conquer the 
problem by combining the sub-problems



Analysis of Quicksort
• Ideally:  Pivot is always in the middle


• Then, time  to sort  elements is 


• 


• Here,  is a constant representing the work of choosing 
the pivot, dividing the array and merging the arrays


• An exact formula:


• Would round up and down and be more clear on the 
linear work:


•

T n

T(n) = T(n/2) + T(n/2) + cn

c

T(n) = T(⌈
n
2

⌉) + T(⌊
n
2

⌋) + O(n)



Analysis of Quicksort
• How to solve   ?


• Substitution method:


• Substitute formula into itself


              


                      


                     


                     

T(n) = T(n/2) + T(n/2) + cn

T(n) = 2T(n/2) + cn

= 2(2T(
n
4

) + c
n
2

) + cn = 4T(
n
4

) + cn + cn

= 8T(
n
8

) + cn + cn + cn

= … = 2mT(
n

2m
) + m ⋅ cn



Analysis of Quicksort



   

         
 

T(n) = 2mT(
n

2m
) + m ⋅ cn

m = ⌈log2(n)⌉ :

T(n) = 2mT(1) + cmn ≤ (n + 1)cmn = O(log(n)n)



Analysis of Quicksort
• Worst behavior:


• The pivot is the maximum or the minimum


• One of the list is empty


• The other list contains everything but the pivot


• Recurrence is now


• T(n) = cn + T(n − 1)



Analysis of Quicksort
• Solving 


• Substitution method:


• 


•         


•         


•              


•          


•            

T(n) = cn + T(n − 1)

T(n) = cn + T(n − 1)

= cn + c(n − 1) + T(n − 2)

= cn + c(n − 1) + c(n − 2) + T(n − 3)

…

= c(n + (n − 1) + (n − 2) + …2) + T(1)

= c
(n + 2)(n − 1)

2
+ T(1)



Analysis of Quicksort
• In the worst case, quicksort is quadratic



A family of Recursion 
Equations 

• Divide and conquer frequently lead to recursions of the 
form  

T(n) = aT(n/b) + f(n)



A family of Recursion 
Equations 

• Solve Recurrence using a tree:

T (n)
<latexit sha1_base64="+bGcC0zbVapsf8RqYdIVCBPU2K8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxQr+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gep/53SeqNItky8xi6gs8lixkBJtMalXl5bBccWvuAmideDmpQI7msPw1GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtlVhQ7aeLW+fowiojFEbKljRoof6eSLHQeiYC2ymwmehVLxP/8/qJCW/9lMk4MVSS5aIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7IheKsvr5POVc2r19zH60rjLo+jCGdwDlXw4AYa8ABNaAOBCTzDK7w5wnlx3p2PZWvByWdO4Q+czx9CWY23</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

…

a children

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

…

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

a children



A family of Recursion 
Equations 

T (n)
<latexit sha1_base64="+bGcC0zbVapsf8RqYdIVCBPU2K8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxQr+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gep/53SeqNItky8xi6gs8lixkBJtMalXl5bBccWvuAmideDmpQI7msPw1GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtlVhQ7aeLW+fowiojFEbKljRoof6eSLHQeiYC2ymwmehVLxP/8/qJCW/9lMk4MVSS5aIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7IheKsvr5POVc2r19zH60rjLo+jCGdwDlXw4AYa8ABNaAOBCTzDK7w5wnlx3p2PZWvByWdO4Q+czx9CWY23</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

…

a children

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

…

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

af(n/b)
<latexit sha1_base64="K4lWhwNsIWvjOQlVXojmTio3xd0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS01U0JMUvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWatGwos6Ds16p7FbdGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGN74mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6R5UfUuq+7DVbl2m8dRgGM4gQp4cA01uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8/S47V</latexit>

a2f(n/b2)
<latexit sha1_base64="Ysxr5vc2sSgLU2Jegg8OEAswRtk=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXupuFfQkBS8eK9gP2G5LNs22odlkSbJCKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh41NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKR3czv/VElWZSPJpxQoMYDwSLGMHGSj7uVqOyuAi71fNeseRW3DnQKvEyUoIM9V7xq9OXJI2pMIRjrX3PTUwwwcowwum00Ek1TTAZ4QH1LRU4pjqYzE+eojOr9FEklS1h0Fz9PTHBsdbjOLSdMTZDvezNxP88PzXRTTBhIkkNFWSxKEo5MhLN/kd9pigxfGwJJorZWxEZYoWJsSkVbAje8surpFmteJcV9+GqVLvN4sjDCZxCGTy4hhrcQx0aQEDCM7zCm2OcF+fd+Vi05pxs5hj+wPn8AZIfkB0=</latexit>

a children

alogb(n)f(1)
<latexit sha1_base64="5kLfToNMlQwS7mtaRL6LPZqE54w=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0VoLyVRQU9S8OKxgv2ANobNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d3bt0sHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho+up336gUrFY3OlxQr0IDwQLGcHaSL5dwvdZj8cDP6iI6iSsuFXfLjs1Zwa0TNyclCFHw7e/ev2YpBEVmnCsVNd1Eu1lWGpGOJ0Ue6miCSYjPKBdQwWOqPKy2ekTdGKUPgpjaUpoNFN/T2Q4UmocBaYzwnqoFr2p+J/XTXV46WVMJKmmgswXhSlHOkbTHFCfSUo0HxuCiWTmVkSGWGKiTVpFE4K7+PIyaZ3W3LOac3terl/lcRTgCI6hAi5cQB1uoAFNIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwDdZZMQ</latexit>



A family of Recursion 
Equations 

T (n)
<latexit sha1_base64="+bGcC0zbVapsf8RqYdIVCBPU2K8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OKxQr+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gep/53SeqNItky8xi6gs8lixkBJtMalXl5bBccWvuAmideDmpQI7msPw1GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtlVhQ7aeLW+fowiojFEbKljRoof6eSLHQeiYC2ymwmehVLxP/8/qJCW/9lMk4MVSS5aIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7IheKsvr5POVc2r19zH60rjLo+jCGdwDlXw4AYa8ABNaAOBCTzDK7w5wnlx3p2PZWvByWdO4Q+czx9CWY23</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

T (n/b)
<latexit sha1_base64="bBE5lE5civvwFoQP0wL3rcsXvn4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY9OKxQr+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2M72Z++4kqzaRomElM/QgPBQsZwcZKrUZZXATn/WLJrbhzoFXiZaQEGer94ldvIEkSUWEIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVU4IhqP51fO0VnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73szcT/vG5iwhs/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEBFWwI3vLLq6RVrXiXFffhqlS7zeLIwwmcQhk8uIYa3EMdmkDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w9qlo5c</latexit>

…

a children

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

… T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

T (n/b2)
<latexit sha1_base64="GKGro3VC5N6q+KBmhP9UNgFsb24=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS92tgp6k4MVjhX5Bu5Zsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup36rSeqNJOibsYx9SM8ECxkBBsrteslcR48VM56haJbdmdAy8TLSBEy1HqFr25fkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ort3gk6t0kehVLaEQTP190SKI63HUWA7I2yGetGbiv95ncSE137KRJwYKsh8UZhwZCSaPo/6TFFi+NgSTBSztyIyxAoTYyPK2xC8xZeXSbNS9i7K7v1lsXqTxZGDYziBEnhwBVW4gxo0gACHZ3iFN+fReXHenY9564qTzRzBHzifP5Fzjvw=</latexit>

…

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

T (1)
<latexit sha1_base64="1UyMsj1q5793tWBoIzc8rVrs+PA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFfQkBS8eK/QL2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpveZ332iSrNItswspr7AY8lCRrDJpFbVuxyWK27NXQCtEy8nFcjRHJa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGtnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap59Zr7eF1p3OVxFOEMzqEKHtxAAx6gCW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kD5GWNdg==</latexit>

af(n/b)
<latexit sha1_base64="K4lWhwNsIWvjOQlVXojmTio3xd0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS01U0JMUvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWatGwos6Ds16p7FbdGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGN74mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6R5UfUuq+7DVbl2m8dRgGM4gQp4cA01uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8/S47V</latexit>

a2f(n/b2)
<latexit sha1_base64="Ysxr5vc2sSgLU2Jegg8OEAswRtk=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXupuFfQkBS8eK9gP2G5LNs22odlkSbJCKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh41NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKR3czv/VElWZSPJpxQoMYDwSLGMHGSj7uVqOyuAi71fNeseRW3DnQKvEyUoIM9V7xq9OXJI2pMIRjrX3PTUwwwcowwum00Ek1TTAZ4QH1LRU4pjqYzE+eojOr9FEklS1h0Fz9PTHBsdbjOLSdMTZDvezNxP88PzXRTTBhIkkNFWSxKEo5MhLN/kd9pigxfGwJJorZWxEZYoWJsSkVbAje8surpFmteJcV9+GqVLvN4sjDCZxCGTy4hhrcQx0aQEDCM7zCm2OcF+fd+Vi05pxs5hj+wPn8AZIfkB0=</latexit>

a children

alogb(n)f(1)
<latexit sha1_base64="5kLfToNMlQwS7mtaRL6LPZqE54w=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0VoLyVRQU9S8OKxgv2ANobNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d3bt0sHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho+up336gUrFY3OlxQr0IDwQLGcHaSL5dwvdZj8cDP6iI6iSsuFXfLjs1Zwa0TNyclCFHw7e/ev2YpBEVmnCsVNd1Eu1lWGpGOJ0Ue6miCSYjPKBdQwWOqPKy2ekTdGKUPgpjaUpoNFN/T2Q4UmocBaYzwnqoFr2p+J/XTXV46WVMJKmmgswXhSlHOkbTHFCfSUo0HxuCiWTmVkSGWGKiTVpFE4K7+PIyaZ3W3LOac3terl/lcRTgCI6hAi5cQB1uoAFNIPAIz/AKb9aT9WK9Wx/z1hUrnzmEP7A+fwDdZZMQ</latexit>

alogb n = exp log(alogb n) = exp(logb(n) log a)) =
<latexit sha1_base64="/9VGn3nsJEMj8ogKByZPtc02Xhw=">AAACLnicbVBLSwMxGMzWV62vVY9egkVoL2VXBb0IBRU8VrAP6NaSTdM2NJssSVYsS3+RF/+KHgQV8erPMLvdQ20dCExm5iP5xg8ZVdpx3q3c0vLK6lp+vbCxubW9Y+/uNZSIJCZ1LJiQLR8pwigndU01I61QEhT4jDT90WXiNx+IVFTwOz0OSSdAA077FCNtpK59je5jj4lB14d8Ai+gRx7D5A5Ls0Y5c2Apk0q8DNMYKide1y46FScFXCRuRoogQ61rv3o9gaOAcI0ZUqrtOqHuxEhqihmZFLxIkRDhERqQtqEcBUR14nTdCTwySg/2hTSHa5iqsxMxCpQaB75JBkgP1byXiP957Uj3zzsx5WGkCcfTh/oRg1rApDvYo5JgzcaGICyp+SvEQyQR1qbhginBnV95kTSOK+5Jxbk9LVavsjry4AAcghJwwRmoghtQA3WAwRN4AR/g03q23qwv63sazVnZzD74A+vnF2UFpZg=</latexit>

exp(log(n) log(b)�1 log(a)) = exp(logb(a) log(n)) = log(nlogb(a))
<latexit sha1_base64="6/dKTZCPkU/IkyYSR3A/oc5wobc="></latexit>



A family of Recursion 
Equations 

• Total is


• Need to compare f with power of n in order to see what 
dominates 

logb n−1

∑
j=0

ajf(n/bj) + cnlogb a



A family of Recursion 
Equations 

f(n) = O(nlogb a−ϵ) ⟹ T(n) = Θ(nlogb a)

f(n) = Θ(nlogb a) ⟹ T(n) = Θ(nlogb a log n)

f(n) = Ω(nlogb a+ϵ) and  af(n /b) ≤ cf(n) eventually ⟹ T(n) = Θ( f(n))



A family of Recursion 
Equations 

• There are gaps between the three cases, where the 
master theorem does not apply



Examples
T(n) = 2T(n/2) + n

nlog2 2 = n = f(n) Case 2

T(n) = Θ(n log n)



Examples
T(n) = 3T(n/2) + n

log2 3 = 1.58496

n = O(nlog2 3−0.1)

⟹ T(n) = Θ(nlog2 3)



Examples
T(n) = T(n/2) + n

a = 1, b = 2

log2 1 = 0

n = Ω(n0+1/2)

⟹ T(n) = Θ(n)



Examples
T(n) = 3T(n/3) + n log n

a = 3 b = 3  so compare with n

n log n ∉ Θ(n) n log n ∉ Ω(n1+ϵ)

Falls into the gap between Case 2 and Case 3



Tower of Hanoi
• n disks of n different parameters are on Peg A.


• Need to move them to Peg C subject to


• Can only one disk at a time


• Can only place smaller disk on bigger ones



Tower of Hanoi: Algorithm
• Recursive Solution


• One disk: Just move the disk (1 move)


• General case:  Move top n-1 disks from A to C. Move 
remaining disk to B. Move n-1 disks from C to A



Tower of Hanoi: Evaluation
• If  is the number of moves for n disks, then


•  

T(n)

T(1) = 1 T(n + 1) = 2T(n) + 1



Solving the recurrence
T(n) = 2T(n − 1) + 1

= 2(2T(n − 2) + 1) + 1 = 4T(n − 2) + 2 + 1

= 23T(n − 3) + 4 + 2 + 1

= 24T(n − 4) + 23 + 22 + 1

= ⋮

= 2n−1 + 2n−2 + …22 + 21 + 20

= 2n − 1



Tower of Hanoi: 
Proof

• Given the recurrence relation 


• Show that 


• Proof by induction:


• Base case: For , we have 


• Induction step:


• Hypothesis:  


• To show: 


• Proof:


 

T(1) = 1; T(n + 1) = 2T(n) + 1
T(n) = 2n − 1

n = 1 T(1) = 1 = 21 − 1

T(n) = 2n − 1
T(n + 1) = 2n+1 − 1.

T(n + 1) = 2T(n) + 1 = 2(2n − 1) + 1 = 2n+1 − 2 + 1 = 2n+1 − 1



The Upper Bound Trap
• What is wrong here.


• Show that     implies  

• Induction base:  same as before

• Induction step:


• Hypothesis:  


• To show: 

• Proof Attempt:  


           (recurrence)


                         (induction hypothesis)

                         


• And we are stuck


T(1) = 1; T(n + 1) = 2T(n) + 1 T(n) ≤ 2n

T(n) = 2n

T(n + 1) ≤ 2n+1

T(n + 1) = 2Tn + 1
≤ 2 ⋅ 2n + 1
= 2n+1 + 1



The Upper Bound Trap
• However, we can prove a stronger proposition and the proof goes 

through:


• Show that     implies  



• Induction base:  same as before

• Induction step:


• Hypothesis:  


• To show: 

• Proof:  


           (recurrence)


                         (induction hypothesis)

                         


• And we are done

T(1) = 1; T(n + 1) = 2T(n) + 1
T(n) ≤ 2n − 1

T(n) ≤ 2n − 1
T(n + 1) ≤ 2n+1

T(n + 1) = 2Tn + 1
≤ 2 ⋅ (2n − 1) + 1
= 2n+1 − 1



Linear Recurrence 
Examples

• Pell numbers


• 


• Example of linear recurrence


• Assume solution is of the form 

• This results in


• 


• We can divide by  to get


• 


• 


• This means  or 

P0 = 0, P1 = 1, Pn = 2Pn−1 + Pn−2

an

an = 2an−1 + an−2

an−2

a2 = 2a + 1
⇒ a2 − 2a + 1 − 2 = 0 ⇒ (a − 1)2 = 2

a = 1 − 2 a = 1 + 2



Linear Recurrence Example
• Reversely, for these  :  

• Solutions are given by linear combinations 


• with , 


• 


• Now we need to fit the two initial conditions


• 


• The first equation gives  , the second gives 

, which is equivalent to 


• Thus, the closed form is 

a an = 2an−1 + an−2

a1 = 1 + 2 a2 = 1 − 2
Pn = can

1 + dan
2

ca0
1 + da0

2 = 0,ca1
1 + da1

2 = 1
c = − d

c(1 + 2) − c(1 − 2) = 1 c =
1

2 2

Pn =
(1 + 2)n + (1 − 2)n

2 2


